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sl
Background

We study the following model:
x=0 y:O z=0
xe[l,ul (0<l<u) y="F(x) z=1

where f is positive and convex on [/, u].

(£, u) = conv ({(o, 0,0)}U {(X,y, 1) e R3:

fu) = £(£)

f(0) + -,

(x —=0) >y >f(x), uZxZE}.).
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Introduction Background

Perspective relaxation

A

Si(l,u) =l {(X,y, z) eR3 :

(f(ﬁ) - Wﬁ) z+ WX >y > zf(x/z),

uz > x> ¥{z, 122>0,y20},

o 5:(,u) is precisely the convex closure of Dr(¢, u)
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Introduction Background

Perspective relaxation

A

Si(l,u) =l {(X,y, z) eR3 :

(110~ =10, ) =0

>y >
-, -, x>y > zf(x/z),

uz > x> ¥{z, 122>0,y20},

o 5:(,u) is precisely the convex closure of Dr(¢, u)

@ Generally, working with 3;5(6, u) implies using a cone solver (e.g.,
Mosek)

@ Relaxations imply the possibility of using more general NLP solvers or
even LP solvers
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Introduction Prior work

Prior work

@ The idea of using volume to compare relaxations was introduced by
Lee and Morris [1994]

@ Recently, Lee, Skipper, and Speakman [2019, 2020] applied the idea
of using volumes to evaluate and compare the perspective relaxation
with other relaxations of our disjunction
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Introduction Prior work

Prior work

@ The idea of using volume to compare relaxations was introduced by
Lee and Morris [1994]

@ Recently, Lee et al. [2019, 2020] applied the idea of using volumes to
evaluate and compare the perspective relaxation with other
relaxations of our disjunction

@ Our focus is on relaxations related to natural piecewise-linear
under-estimators of f
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Piecewise-linear under-estimation and perspective

Overview

© Piecewise-linear under-estimation and perspective
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Piecewise-linear under-estimation and perspective

Piecewise-linear under-estimation

| & €t u X

Figure: Piecewise-linear under-estimator

Linearization points: ¢ =:& <& << &1 <&pi=u
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Piecewise-linear under-estimation and perspective

Piecewise-linear under-estimation

The tangent line:

y = f(&)+ (&) (x = &), (T3)
Intersection point of (T;) and (T;_1):

(X,y) = (7','7 f(f,) + f/(f,')(T,' - f,’)), fori=1,...,n, (P,)

where

P =

[F (&) — F(&)&i] — [F(i—1) — F/(&i-1)&i-1]
f'(&i-1) — /(&) .

(x,y) = (10 := £, £({)) (Po)
(va) = (Tn+1 =u, f(u)) (PI‘H‘]-)
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Piecewise-linear under-estimation and perspective

Piecewise-linear under-estimation

The piecewise-linear under-estimator is referred to as g
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Piecewise-linear under-estimation and perspective

Volume of perspective relaxation

U (€) = 83(6.u) = ol {(X,y, 2)ER? -

(1) - =10, (=10,

>y >
U_€ u_g —y—zg(x/z)7

uz > x > lz, 122>0,y20},
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Piecewise-linear under-estimation and perspective

Volume of perspective relaxation

U (€) = 83(6.u) = ol {(X,y, 2)ER? -

(1) - =10, (=10,

>y >
U_€ u_g —y—zg(x/z)7

uz > x > lz, 122>0,y20},

Theorem
. 1N 70 Ti Ti+1
vol(Uf (§)) = 5 det [ g(m0) &g(7i) &(7it1)
i=1 1 1 1
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Piecewise-linear under-estimation and perspective

Volume of perspective relaxation

Theorem . 1 70 Ti Ti+1
vol(Uz(§)) = 6 det | g(70) &(mi) &(7i+1)
i=1 1 1 1

» This set is a pyramid with apex (x,y,z) = (0,0,0) and base equal to
the intersection of Uf(&) with the hyperplane defined by the equation
z=1.
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» This set is a pyramid with apex (x,y,z) = (0,0,0) and base equal to
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Piecewise-linear under-estimation and perspective

Volume of perspective relaxation

Theorem . 1 70 Ti Ti+1
vol(Uz(§)) = 6 det | g(m0) g(mi) &(7i+1)
i=1 1 1 1

» This set is a pyramid with apex (x,y,z) = (0,0,0) and base equal to
the intersection of Uf(&) with the hyperplane defined by the equation
z=1.

» The height of the apex over the base is 1.

» The area of the base is computed by 2-d triangulation. Our triangles
are conv{ Py, P;, Piy1}, for i =1,...,n. The area of each triangle is
1/2 of the absolute determinant of an appropriate 3 x 3 matrix.
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Piecewise-linear under-estimation and perspective

Volume of perspective relaxation

Theorem . 1 70 Ti Ti+1
vol(Uz(§)) = 6 det | g(m0) g(mi) &(7i+1)
i=1 1 1 1

» This set is a pyramid with apex (x,y,z) = (0,0,0) and base equal to
the intersection of Uf(&) with the hyperplane defined by the equation
z=1.

» The height of the apex over the base is 1.

» The area of the base is computed by 2-d triangulation. Our triangles
are conv{ Py, P;, Piy1}, for i =1,...,n. The area of each triangle is
1/2 of the absolute determinant of an appropriate 3 x 3 matrix.

» So the volume of U;ﬁ({) is simply the area of the base divided by 3.
The formula follows.
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Piecewise-linear under-estimation and perspective

Volume of perspective relaxation

Theorem . 1.0 70 Ti Tit1
vol(Ur(€)) = ¢ ) (det | &(m0) &(mi) &(7i+1)
i=1 1 1 1
Corollary
Assuming oracle access to f and f/, we can compute vol(Uf(£)) in O(n)
time.

With this volume, we can compare perspective relaxations of
piecewise-linear under-estimators.
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Analysis of convex power functions

Overview

© Analysis of convex power functions
@ quadratic function
@ non-quadratic function
@ monotonicity
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Analysis of convex power functions quadratic function

Analysis of convex power functions

Let U;(ﬁ) denote Uf(€), with f(x) := xP, p > 1.
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Analysis of convex power functions quadratic function

Analysis of convex power functions

Let U;(ﬁ) denote Uf(€), with f(x) := xP, p > 1.
Theorem

Given n>2,0< & =0 <& < <1 < u=:§&, we have that
§ =0+ L(u—1{), fori=1,...,n—1, is the unique minimizer of

vol(U3(£)), and the minimum volume is Lu—0)3+ ('“3'6_52)3.

e Equally-spaced linearization points minimizes voI(U;(ﬁ)) when p =2
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Analysis of quadratic function

Theorem
Given n>2, 0< & =0 <& < < &1 < u=:&, we have that
§ =L+ (u—1{), fori=1,...,n—1,is the unique minimizer of

vol(U5(€)), and the minimum volume is & (u — £)3 + (ggff.
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Analysis of convex power functions quadratic function

Analysis of quadratic function

Theorem
Given n>2, 0< & =0 <& < < &1 < u=:&, we have that
§ =L+ (u—1{), fori=1,...,n—1,is the unique minimizer of

vol(U5(€)), and the minimum volume is & (u — £)3 + (ggff.

Proof.

vol(05(6)) = 15 | S EEi-a(Ei1 — &) + 0* — 202+ 206 —
i=1
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quadratic function
Analysis of quadratic function

Theorem
Given n>2, 0< & =0 <& < < &1 < u=:&, we have that
§ =L+ (u—1{), fori=1,...,n—1,is the unique minimizer of

vol(U5(€)), and the minimum volume is & (u — £)3 + (gg52)3_
Proof.
vol(Us (¢) 2 Zﬁ,é, W€ — &)+ U — 2020+ 2uf® — 3
02 vol(U. 1 )
\/8(522()) g —&a), fori=1,....n—1,
9*vol(Us(€)) 1 .
(95/3—5,'-5_1 = 6(5,—§,+1), fori=1,...,n—2.

V2vol(U3(¢)) is tridiagonal and diagonally dominant
= V2vol(U;(€)) =0 = vol(U;(&)) is convex.
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Analysis of convex power functions quadratic function

Analysis of quadratic function

Theorem
Given n 2'2, 0<&=0<é < <€po1 <u=:&,, we have that
& =0+ ﬁ(u —/0), fori=1,...,n—1, is the unique minimizer of

vol(U3(¢)), and the minimum volume is Lu—03+ (ggff.

Proof. The global minimizer satisfies V vol(U;(£)) = 0.

dvol(Us; 1
"‘Dg)fl?(g)) — E(&H —&i1)(28 — &iy1 — &im1), fori=1,...,n—1

Therefore 2§; — &j11 —&—1 =0for i=1,...,n— 1. Solving these
equations gives us the equally spaced points.
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Analysis of convex power functions non-quadratic function

Analysis of non-quadratic convex power functions

P 1 70 Ti Tit1l
VOl(U;(S)) = 6 det g(TO) g(Ti) g(TiJrl)
i=1 1 1 1
p
--5 6p v ,z;S’ ' —gp)l * é((f’— 1)uP™ — uPl+ ulP — (p — 1))

I N Ty e (TR
6p ; gt e
(p—1)(uPt! — £PF1) — p(uPl — ulP)
6p

_I_
V2 voI(U;(ﬁ)) is still tridiagonal
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Analysis of convex power functions non-quadratic function

Analysis of non-quadratic convex power functions

Theorem

Forp>1,and 0<§ =0 <& <--- < &1 < u=:&,, if £ satisfies
Vvol(U3(€)) = 0, then VZvol(U3(£)) is positive definite.
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Analysis of convex power functions non-quadratic function

Analysis of non-quadratic convex power functions

Theorem

Forp>1,and 0<§ =0 <& <--- < &1 < u=:&,, if £ satisfies
Vvol(U3(€)) = 0, then VZvol(U3(£)) is positive definite.

Any stationary point of vol([/;(g)) is a strict local minimizer.
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non-quadratic function
Proof of the local minimizer theorem

Pvol(Up(€)) _  (p—1)2 & (p-1)E +€0—p s,ﬂ YEIER,  +(p—1)EP —pEir1€l ]
PEDE 3p (€5t -ey
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non-quadratic function
Proof of the local minimizer theorem

Pvol(Uz(€))  (p—1)2 & 2P [(p—1)€P,  +€0 —peP NI +(p—1)EP — 160

0801 3p (gﬁ:llfgf.’_lﬁ

Pvol(U(€)) _ p dvol(Up(€)) &1 97 vol(U3(8))  &iya 0 vol(U5(£))
oE? &i IE; § 0606 & 0606
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non-quadratic function
Proof of the local minimizer theorem

Pvol(Us (&) _  (p—1)2 &~ e P [(p—1)8l  +€P— Pé,ﬂ ENIEL,  +(p—1)EP —pipa€l "]
0801 3p (€:+1 §P—1)3

Pvol(U(€)) _ p dvol(Up(€)) &1 97 vol(U3(8))  &iya 0 vol(U5(£))
oE? &i IE; § 0606 & 0606

> If & satisfies VvoI(U;(E)) =0, then V2 voI(U;(ﬁ)) is an
(n—1) x (n— 1) symmetric tridiagonal matrix with off-diagonal
elements —by,...,—b,_» and diagonal elements ay, ..., a,_1 where
aj ‘= ggl bi_1+ ggl b;, bp >0, b; >0
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Analysis of convex power functions non-quadratic function

Proof of the local minimizer theorem

Pvol(Us(8)) _ (p1)2 8 2£,+1 [(p—1)EP,  +EP— P£,+1§)][5;7+1+(P*1)£,P*P§i+1§,?71]
0801 3p (§,+1 —eP Ty

Pvol(U(€)) _ p dvol(Up(€)) &1 97 vol(U3(8))  &iya 0 vol(U5(£))
oE? &i IE; § 0606 & 0606

> If & satisfies VvoI(U;(E)) =0, then V2 voI(U;(ﬁ)) is an
(n—1) x (n— 1) symmetric tridiagonal matrix with off-diagonal
elements —by,...,—b,_» and diagonal elements ay, ..., a,_1 where
ai = Sby g + SLby, by > 0, b > 0

» Notice that V2 voI(U;(E)) = Nere; + M, where \ = 5%% >0,
M := PDPT, D := diag(%bl, %bz, s %bn_l), and P = [p;] is a
lower-triangular matrix with p; =1, p;i—1 = —5’51 and 0 otherwise.
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non-quadratic function
Proof of the local minimizer theorem

Pvol(Us (&) _  (p—1)2 &~ e P [(p—1)8l  +€P— Pé,ﬂ ENIEL,  +(p—1)EP —pipa€l "]
0801 3p (§:+1 §P—1)3

Pvol(U(€)) _ p dvol(Up(€)) &1 97 vol(U3(8))  &iya 0 vol(U5(£))
oE? &i IE; § 0606 & 0606

> If & satisfies VvoI(U;(E)) =0, then V2 voI(U;(ﬁ)) is an
(n—1) x (n— 1) symmetric tridiagonal matrix with off-diagonal
elements —by,...,—b,_» and diagonal elements ay, ..., a,_1 where
ai = Sby g + SLby, by > 0, b > 0

» Notice that V2 voI(U;(E)) = Nere; + M, where \ = 5%% >0,
M:=PDP", D := diag(£b1, £bs, ..., £by 1), and P = [p;] is a
lower-triangular matrix with p; =1, p;i—1 = —5’51 and 0 otherwise.

> Therefore V2 vol(U3(£)) >~ 0
Gaining or Losing Perspective Sept 14, 2020 20/29




nor-quadrati function
Analysis of convex power functions (1<p<2)

Theorem
Forl<p<2 andl <& <---<&p1<u, voI(U;(S)) is strictly convex

in (fl, . ,fn—l)-

Lee, Skipper, Speakman, Xu Gaining or Losing Perspective Sept 14, 2020 21/29



Analysis of convex power functions non-quadratic function

Analysis of convex power functions (1<p<2)
Theorem

Forl<p<2 andl <& <---<&p1<u, voI(U;(S)) is strictly convex

in (fl, . ,fn—l)-

Corollary

For 1 < p <2 and fixed ¢, u, n, vol([/;(£)) has a unique minimizer
satisfying £ < & < -+ < &1 < u.
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Analysis of convex power functions non-quadratic function

Analysis of convex power functions (1<p<2)
Theorem

Forl<p<2 andl <& <---<&p1<u, voI(U;(S)) is strictly convex

in (fl, . ,fn—l)-

Corollary

For 1 < p <2 and fixed ¢, u, n, vol([/;(£)) has a unique minimizer
satisfying £ < & < -+ < &1 < u.

o V2 voI(U;(ﬁ)) is not guaranteed to be diagonally dominant.
For example, p = 1.5, n =2, £ = (0,0.2,0.8,1),

[, ~ [ 01366 —0.0621
V2 vol(U(§)) = {—0.0621 0.0587 }
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Analysis of convex power functions non-quadratic function

Analysis of convex power functions (1<p<2)
Theorem
Forl<p<2 andl <& <---<&p1<u, voI(U;(S)) is strictly convex

in (fl, . ;En—l)-

Corollary

For 1 < p <2 and fixed ¢, u, n, vol(U;(£)) has a unique minimizer
satisfying £ < & < -+ < &1 < u.

o V2 voI(U;(ﬁ)) is not guaranteed to be diagonally dominant.
For example, p = 1.5, n =2, £ = (0,0.2,0.8,1),
V2vol(U3(€)) ~ | %368, ezt |

e We will apply a result from Andeli¢ and Da Fonseca [2011]:

5 n—2
if a; >0 and { b } is a chain sequence, then the tridiagonal

a1 |y
matrix is positive definite
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Analysis of convex power functions non-quadratic function

Analysis of convex power functions (p>2)

o If p>2, voI(U;(E)) is neither convex nor quasi-convex in general.
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Analysis of convex power functions non-quadratic function

Analysis of convex power functions (p>2)

o If p>2, voI(U;(E)) is neither convex nor quasi-convex in general.

dvol(U3(£))
° —E =

(p-1er? [ (& Hp1)Er, el €P+(p— 1)5"1 —pgie? 1\ 2
6p Ll ¢!
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Analysis of convex power functions non-quadratic function

Analysis of convex power functions (p>2)

o If p>2, voI(U;(E)) is neither convex nor quasi-convex in general.

dvol( Uz (€))
° e
-0 ([ (ot £,+1> (5;’ (p— 1)5:’1 p&&f’__f)z
o€ -
e Vvol( ;( £)) = 0 is equivalent to F(&) = 0, where
F(&) = [F1(€), F2(€), .- Fr1 (€T,
Fie) = _5?-1-( 1)éP —P§i§f+1 5p +(p—1)&7 4 Pﬁiﬁfjll.

e — et et fé
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Analysis of convex power functions non-quadratic function

Analysis of convex power functions (p>2)

Lemma

lf p>2and £ <& < - < &1 < u, then [F/(£)]7! is nonnegative and
Fi(&) is concave.
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Analysis of convex power functions non-quadratic function

Analysis of convex power functions (p>2)

Lemma

lf p>2and £ <& < - < &1 < u, then [F/(£)]7! is nonnegative and
Fi(&) is concave.

Theorem

If p > 2, there exists a unique £&* (¢ < & < --- < &'_; < u) such that

F(&*)=0.
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Analysis of convex power functions non-quadratic function

Analysis of convex power functions (p>2)

Lemma

lf p>2and £ <& < - < &1 < u, then [F/(£)]7! is nonnegative and
Fi(&) is concave.

Theorem

If p > 2, there exists a unique £&* (¢ < & < --- < &'_; < u) such that

F(&*)=0.

Corollary

For p > 2 and fixed ¢, u, n, voI(U;(ﬁ)) has a unique minimizer satisfying
(<& < <€po1 <.
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Analysis of convex power functions non-quadratic function

Proof of the uniqueness theorem

Lemma

If p>2and £ <& < - < &1 < u, then [F/(£)]~! is non-negative and
Fi(&) is concave.

> Suppose that F(¢) = F(¢2) = 0.
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Analysis of convex power functions non-quadratic function

Proof of the uniqueness theorem

Lemma

If p>2and £ <& < - < &1 < u, then [F/(£)]~! is non-negative and
Fi(&) is concave.

> Suppose that F(¢) = F(¢2) = 0.

> Because F;(&) is concave,

0=F(&") — F(&) < F(&) (¢ - &)
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Analysis of convex power functions non-quadratic function

Proof of the uniqueness theorem

Lemma

If p>2and £ <& < - < &1 < u, then [F/(£)]~! is non-negative and
Fi(&) is concave.

> Suppose that F(¢) = F(¢2) = 0.

> Because F;(£) is concave,
0=F(&") — F(&) < FI(€*)(& — &%)
» Because [F'(¢1)]7! and [F'(€2)]~! are nonnegative,
g - =[F(EN(F(E)E -€))=0
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Analysis of convex power functions non-quadratic function

Proof of the uniqueness theorem

Lemma

If p>2and £ <& < - < &1 < u, then [F/(£)]~! is non-negative and
Fi(&) is concave.

> Suppose that F(¢) = F(¢2) = 0.

> Because F;(£) is concave,
0= F(&") - F(&%) < F'(&)(' - &)
» Because [F'(¢1)]7! and [F'(€2)]~! are nonnegative,
g - =[FE(FE)E -¢) =0
> Similarly £2 — €1 > 0. Thus ¢! = £2.
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Analysis of convex power functions non-quadratic function

Monotonicity with respect to p

0.8r

1 2 15
p
Figure: minimizing & for varying p (n =5, £ =0, u=1).
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Analysis of convex power functions monotonicity

Monotonicity with respect to p

Theorem

For fixed ¢ and u, and £ < & < --- < £p,-1 < u, suppose that
§=(4&,--,8n-1,u) minimizes vol(U;(§)). Then & (i=1,2,...,n—1)
is increasing in p on (1, c0).
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Analysis of convex power functions monotonicity

Monotonicity with respect to p

Theorem

For fixed ¢ and u, and £ < & < --- < £p,-1 < u, suppose that
§=(4&,--,8n-1,u) minimizes vol(U;(§)). Then & (i=1,2,...,n—1)
is increasing in p on (1, c0).

Proof Idea.
» Use Implicit function theorem

» Use the following inequality: for x € (0,1) U (1, 00),

d(x) == p(p—1)(1 — x)xPLlogx + (xP1 = 1)(xP —1) >0

Lee, Skipper, Speakman, Xu Gaining or Losing Perspective Sept 14, 2020 26 /29



Analysis of convex power functions monotonicity

Conclusion

o We give a way to calulate the volume of the perspective relaxation of
piecewise-linear under-estimators vol( U7 (§))

@ We prove that the minimizer of voI(U;(S)) is unique for convex power
functions given the number of linearization points

e We provide some properties of voI(US(&)) and the minimizers to help
choose the linearization points

@ We establish that the Newton's method to find stationary point of
vol(U;(&)) is monotonic
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Analysis of convex power functions monotonicity

Chain Sequence

o There exists a parameter sequence {c¢;}7-¢ such that
b? . .
o = ci(l—c-1)with0<g<landO<c¢<lfori>1

o If {o;} is a chain sequence, and 0 < 3; < «;, then {3;} is also a
chain sequence.
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