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Graph Coloring Problem (GCP)

@ Given a graph G(V, E) we have to assign color c(v) to each vertex v
such that c(u) # c(v) if uv € E. We have to minimize total number
of color span(C) used in color vector C = (c(v)).

@ It is known that graph coloring problem is NP-Complete and even pro-
viding n'/¢ approximation of it is NP-hard (Zuckerman et al).

@ Greedy coloring is a natural choice for solving this problem where fol-
lowing an order S we visit the vertices and while visiting a vertex v
we put the minimum color that is absent in all of its already allocated
neighbor.

@ Since there is an optimum order among the n! orders, where n = |V/|,
performance of greedy coloring is entirely order dependent.

@ There are some good orders like largest degree fast, Dsature, Kempe
order etc.
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Heuristics to solve GCP

@ Since solving GCP is NP-Complete authors applied simulated annealing,
genetic algorithms, hill climbing, memetic-algorithm and tabu-search
heuristic.

@ It is evident that all of the above mentioned heuristic algorithms may
eventually reach to a poorer order than the current best order during
the search process.

@ In this paper we propose a selective search (SS) heuristic which never
search a worse order than the current best order. This is the key
difference of this algorithm from others.

@ Using SS we propose a incremental search heuristic (ISH) in which we
call SS with random initial orders.
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Definition (Equivalent order)

Let S; and S; be two orders of the vertices of G. Let C; and G be the two
color vectors obtained by applying greedy coloring on G following S; and S
respectively. Then orders S; and S; are said to be equivalent to each other
if GG = G.
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Definition

Let S; and Sy be two orders of the vertices of G. Let C; and G, be the two
color vectors obtained by applying greedy coloring on G following S; and
S, respectively. Then order S; < S; if and only if span(Cy) < span((G).

Definition (Pseudo-vertex)

Let S be an order of the vertices of G and C be its color vector obtained
by applying greedy coloring on G following S. Let k be the span of C. A
pseudo-vertex V; is a subset of vertices of G all of which get color i in C,
where 1 </ < k.

v
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Let S be an order and Vi, V5, -+ | V| be the k pseudo-vertices obtained by
applying greedy coloring on G following S, where ny = |V4|, np = |Va], - -+,
nk = |Vk|. Let T(S) be the set of all permutation of Vy, Vs, -+, Vi, and
= (Vy, Vi, -+, V) € 1I(S). Let L(m) be the set of all orders generated
from 7 by permuting vertices within the same pseudo-vertex but keeping
the order of pseudo-vertex intact. Then all orders in L() are considered as
represented by m.Let Ny = |L(7)| = nilno!- - ngl.
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Theorem

Let S be an order and V1, V5, - -+ | V| be the k pseudo-vertices obtained by
applying greedy coloring on G following S. Let m = (V),, V},,---, V},) €
M(S). All orders in L(m) are equivalent to each other.

Definition (Cardinal order)

An order S = (vj, v, -+ , V) of the vertices of G is said to be a cardinal
order if we apply greedy coloring on G following S and get color vector C
such that ¢(v;,) < ¢(vy) < -+ < ¢(v,), where c(v),) denotes the color of

Vi,

v
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Theorem

Let S be an order and V1, V>, - -+ | V) be the k pseudo-vertices obtained by
applying greedy coloring on G following S. If = € TI(S), each S’ € L(w) is
§'«S.

| A

Theorem

Given any coloring C' of G we could generate an order S by sorting the
vertices of G according to ascending order of their colors in C'. If we apply
greedy coloring on G following S, we will get a color vector C such that
span(C) < span(C’).

v
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Algorithm 1: Selective Search (SS) Algorithm

Input: G,C, p
Output: C
1 Find S by sorting the vertices according to ascending order of their colors in C;
2 Apply greedy coloring on G following S and generate color vector C’;
3 Set C=C/;
4 Set k = span(C);
5 Find pseudo-vertices Vq, Vo, - -+ , Vi of C;
6 fori=1,2,---pdo
7 Let = € N(S);
8 Let S" € L(m);
9 Apply greedy coloring on G following S’ and find color vector C’;
10 if span(C’) < span(C) then
11 c=cl;
12 Set k = span(C);
13 Find pseudo-vertices V1, Vo, - - -, V| of C;
14 Reset i = 1;
15 return C
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Algorithm 2: Incremental Search Heuristic (ISH)

Input: G,p1,p2
Output: Cpip
Set Coyig = (1,2, -+, [V(G)]);
fori=1,2,---,p; do
Generate a random order S of the vertices;
Apply greedy coloring on G following O and find color vector C;
C =55(G, C, p2);
if span(C) < span(Cp,;n) then
Crnin = G
Reset i = 1;

O NG A WN -

9 return Cpjp;
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If ISH produces span less than or equals to k in each 5s‘tep, then expected
number of steps to find optimum is E[p1p2] = O(%(%)”)

Corollary

Ik < \E then E[p1ps] = O(L).

v

Corollary

IFA(G)+1< \/g then E[p1p2] = O(1).
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It is a well-known fact that solving the graph coloring problem even for sparse
graph is hard. It is known that even coloring a planer graph with maximum
degree just 4 is NP-Complete. Using ISH we can solve these sparse graph
instances in expected polynomial time. Thus any NP-Complete problem
could be solved in expected polynomial time.
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In Erdos-Reyni random graph G(n, p), if average degree

Aa:npgn\/E
e

then ]E[plpz] = 0(1)
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Table: Span and time requirement of different algorithms on benchmark instances
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Questions?
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Thank you
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