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2Campus Quixadá, Federal University of Ceará, Quixadá, Ceará
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Introduction

Graph Labeling

Area of graph theory whose main concern consists in determining the fea-
sibility of assigning labels to the elements of a graph satisfying certain
conditions.
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Figure: P2 ˝ P3.

˛ We are interested in a vertex labeling called graceful labeling and its
relaxed version.
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Introduction

Figure: A. Rosa and S. Golomb

Graceful Tree Conjecture (Rosa, 1966)

All trees are graceful.
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Range Relaxed Graceful Labeling

Definition

˛ Given a graph G and the set of consecutive integer labels L “

t0, ..., ku, k ě| E pGq |

˛ A vertex labeling f : V pGq ÝÑ L that induces an edge labeling
g : E pGq ÝÑ Z is called range-relaxed graceful labeling if:
(i) f is injective;
(ii) each edge uv P E pGq is assigned the pinducedq label

g puvq “| f puq ´ f pvq |, then all edge labels are distinct.
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Labeling Games

Figure: Z. Tuza

Labeling Games

The Graceful Game emerged in 2017, first proposed by Tuza.
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Combinatorial Games
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Combinatorial Games

Definition

˛ sequential games with perfect information;

˛ where players take turns changing in defined way;

˛ moves to reach a condition where one of the players is the winner;

˛ there is absolutely no luck involved;

˛ there is no randomness.
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The Graceful Game
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Graceful Game

Definition

˛ Two-players alternately assign a previously unused label f pvq P L “
t0, . . . ,mu to an unlabeled vertex v P V pGq.

˛ If both endpoints of an edge uv P E pGq are already labeled, then the
label of the edge uv is defined as g puvq “ |fpuq ´ fpvq|.

˛ A move is legal if, after it, all edge labels are distinct.

˛ The game ends if there is no legal move possible or a graceful labeling
of G is created.

˛ Alice wins if G is gracefully labeled and Bob wins if he can prevent it
from happening.
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Previous Results on Graph Classes

Path

Complete Graph

Hypercube

Power of Paths

Complete Bipartite Graph

Caterpillar

Gear Graph

Cycle

Helm Frickes et al.p2019q

Web Graph

Prism
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Auxiliary Results

Lemma 1 (Frickes et al., 2019)

Let G be a simple graph. In any step of the graceful game, Alice can only
use the label 0 (resp. m) to label a vertex v P V pGq if v is adjacent to
every remaining vertex not yet labeled or v is adjacent to a vertex already
labeled by Bob with m (resp. 0).

4 B1

4 B1

0 A2
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Auxiliary Results

Lemma 2 (Frickes et al., 2019)

Let G be a simple graph. If Bob assigns 0 (resp. m) to a vertex v P V pGq,
where v has two non-adjacent vertices or only one adjacent vertex, then
Alice is forced to label a vertex adjacent to v with m (resp. 0).
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Main Results
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Main Results

Toroidal Grid

The toroidal grid graph Tp,q, with p, q P N and p, q ě 3, is defined as the
cartesian product Cp ˝ Cq of two cycles Cp and Cq.

24 7 18 2

10 19 22 15

0 1 3 23

Figure: Graceful labeling of T3,4.
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Main Results

Theorem (Jungreis and Reid, 1992)

˛ Tp,q with p ” 0 pmod 4q and q ” 0 pmod 2q are graceful.

˛ Tp,q with p and q odd are not graceful.

Theorem 6 (Oliveira, Dantas and Luiz, 2020)

Bob has a winning strategy for all toroidal grids.
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Sketch of the Proof of Toroidal Grids
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Sketch of the Proof

˛ Let G – Cp ˝ Cq, for p, q ě 3.

˛ Bob is the first player.

0

B1
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Sketch of the Proof

˛ He assigns label 0 to an arbitrary vertex v P V pGq.

˛ Alice is forced to assign label m.

0 m

A2
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Sketch of the Proof

˛ He assigns label 0 to an arbitrary vertex v P V pGq.
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0 m
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Sketch of the Proof

˛ Bob assigns label 1 to a free neighbour of v.

˛ Creating the edge label 1.

0 m 1

B3
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Sketch of the Proof

˛ Bob assigns label 1 to a free neighbour of v.

˛ Creating the edge label 1.

0 m 1

B3
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Sketch of the Proof

˛ | m´ 1 | or | pm´ 1q ´ 0 |.

˛ In the fourth move, Alice assigns label m´ 1.

0 m 1

m ´ 1

A4
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Sketch of the Proof

˛ | m´ 1 | or | pm´ 1q ´ 0 |.

˛ In the fourth move, Alice assigns label m´ 1.

0 m 1

m ´ 1

A4
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Sketch of the Proof

˛ Bob assigns label 2 to the unique free neighbour of v.

˛ | m´ 2 | or | pm´ 1q ´ 1 | or | pm´ 2q ´ 0 |.

2

B5

0 m 1

m ´ 1
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Sketch of the Proof

˛ Bob assigns label 2 to the unique free neighbour of v.
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Sketch of the Proof

˛ Bob exhausts Alice’s possibilities of creating the edge label m´ 2.

˛ Bob is the winner.

2

0 m 1

m ´ 1
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Sketch of the Proof

˛ Bob exhausts Alice’s possibilities of creating the edge label m´ 2.

˛ Bob is the winner.
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Sketch of the Proof

˛ Alice is the first player.

˛ She assigns a label j P t1, . . . ,m´ 1u to v P V pGq. (Lemma 1)

j

A1
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Sketch of the Proof

˛ Alice is the first player.

˛ She assigns a label j P t1, . . . ,m´ 1u to v P V pGq. (Lemma 1)
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Sketch of the Proof

˛ We first consider the case where j P t2, . . . ,m´ 1u.

˛ Bob assigns label 0.

0
B2

j
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Sketch of the Proof

˛ We first consider the case where j P t2, . . . ,m´ 1u.

˛ Bob assigns label 0.

0
B2

j
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Sketch of the Proof

˛ In the third move, Alice is forced to assign label m.

˛ Creating the edge label m.

m

A3

0

j
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Sketch of the Proof

˛ In the third move, Alice is forced to assign label m.

˛ Creating the edge label m.

m
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0

j
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Sketch of the Proof

˛ In the fourth move, Bob assigns label 1 to a free neighbour of u.

˛ | m´ 1 | or | pm´ 1q ´ 0 |.

m 0 1

B4

j
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Sketch of the Proof

˛ In the fourth move, Bob assigns label 1 to a free neighbour of u.

˛ | m´ 1 | or | pm´ 1q ´ 0 |.

m 0 1
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Sketch of the Proof

˛ If j “ m´ 1, then the game is over at this point.

˛ Bob is the winner.

m 0 1

m ´ 1
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Sketch of the Proof
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Sketch of the Proof

˛ If j ‰ m´ 1, Alice is forced to assign label m´ 1.

˛ Creating the edge label m´ 1.

m 0 1

j m ´ 1

A5
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Sketch of the Proof

˛ If j ‰ m´ 1, Alice is forced to assign label m´ 1.

˛ Creating the edge label m´ 1.

m 0 1

j m ´ 1

A5
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Sketch of the Proof

˛ If j “ 2, Bob wins the game.

˛ | m´ 2 | or | pm´ 1q ´ 1 | or | pm´ 2q ´ 0 |.

m 0 1

2 m ´ 1



37

Sketch of the Proof

˛ If j “ 2, Bob wins the game.

˛ | m´ 2 | or | pm´ 1q ´ 1 | or | pm´ 2q ´ 0 |.
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Sketch of the Proof

˛ If j “ 2, Bob wins the game.

˛ | m´ 2 | or | pm´ 1q ´ 1 | or | pm´ 2q ´ 0 |.

m 0 1

3
B6

2 m ´ 1
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Sketch of the Proof

˛ If j ‰ 2, then Bob assigns label 2 to the free neighbour of u.

˛ Bob cancels all Alice’s possibilities of creating the edge label m´ 2.

m 0 1

2
B6

j m ´ 1
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Sketch of the Proof

˛ If j ‰ 2, then Bob assigns label 2 to the free neighbour of u.

˛ Bob cancels all Alice’s possibilities of creating the edge label m´ 2.
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RRG Game

Range-Relaxed Graceful Game

˛ Alice and Bob alternately assign a previously unused label fpvq P L “
t0, . . . , ku, k ě |EpGq| to an unlabeled vertex v P V pGq.

˛ If both ends of an edge vw P EpGq are already labeled, then the label
of the edge is defined as g pvwq “ |fpvq ´ fpwq|.

˛ A move is legal if, after it, all edge labels are distinct.

˛ The game ends if there is no legal move possible or a RRG labeling is
created.

˛ Alice wins if a RRG labeling of G is created, otherwise Bob wins.
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RRG Game

Question (Tuza, 2017)

Given a simple graph G and a set of consecutive nonnegative integer labels
L “ t0, . . . , ku, for which values of k can Alice win the range-relaxed
graceful game?
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RRG Game

Theorem (Oliveira, Dantas and Luiz, 2020)

Let G be a simple graph on n vertices and maximum degree ∆. Alice
wins the range-relaxed graceful game on G for any set of integer labels
L “ t0, . . . , ku with

k ě p2∆2 ` 1qpn´ 1q ` p2∆` 1q
`

n´1
2

˘

.
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Sketch of the Proof
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Sketch of the Proof

˛ Let G be a simple graph on n vertices and maximum degree ∆.

˛ Let L “ r0, ks , k P N be a set of available labels

k ě p2∆2 ` 1qpn´ 1q ` p2∆` 1q
`

n´1
2

˘

.

˛ Alice starts the game.

˛ At the beginning of the game Lv “ L,@v P V pGq.

u

y

wx

z

L “ t1, . . . , ku
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Sketch of the Proof

At the k-th move, a player assigns a label f pvq P Lv,@v P V pGq. The
set Lu,@u P V pGq is updated according to the following four steps:

(Step 1) For every free vertex u P V pGq, remove f pvq from Lu.

u

y f pyq

wx

z

Lw “ t1, . . . , f pyq, . . . , su
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Sketch of the Proof

At the k-th move, a player assigns a label f pvq P Lv,@v P V pGq. The
set Lu,@u P V pGq is updated according to the following four steps:

(Step 1) For every free vertex u P V pGq, remove f pvq from Lu.

(Step 2) For every free vertex u P N pvq, we delete from Lu every label l
such that | l ´ f pvq |“ g peq ,@e P E pGq that has both endpoints labeled.

u

y f pyq

wx

z

Lw “ t1, . . . , f pyq, . . . , su
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Sketch of the Proof

(Step 3) For every vertex u P N pvq and for every w P N puq X N pvq,
such that w is already labeled and f pwq ” f pvq pmod 2q delete from Lu

the label fpwq`fpvq
2 .

u

l

y

wx

l1

z

Parity condition:
l ` l1

2
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Sketch of the Proof

(Step 4) For every free vertex u P V pGq and for every vertex u1 P N puq,
such that u1 is already labeled, we delete from Lu every label l such that
| l ´ f pu1q |“ g pvv1q, for all v1 P N pvq.

u

y

wx

z

e1

e2
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Sketch of the Proof

Counting deleted labels throughout the game:

˛ (Step 1) Each execution: 1 ÝÑ Total: n´ 1.

˛ (Step 2) Each execution: 2
`

k
2

˘

ÝÑ Total: ∆ ¨ 2
`

n´1
2

˘

.

˛ (Step 3) Each execution: i´ 1 ÝÑ Total:
`

n´1
2

˘

.

˛ (Step 4) Each execution: 2∆2 ÝÑ Total: pn´ 1q 2∆2.

˛ We conclude that at most pn´ 1q` 2∆
`

n´1
2

˘

`
`

n´1
2

˘

` 2∆2 pn´ 1q
labels are deleted from each set of available labels.
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Conclusion

Cartesian Product Winner

Pr ˝ Ps; r, s ě 2 B
Bq,r, q ě 2, r ě 1 B
Pq ˝ Kp, p, q ě 2 B

Tp,q, p ” 0 mod 4, q ” 0 mod 2 B
Ym,n,m ě 3 B

Corona and Other Classes Winner

Cn dK1, n ě 3 B
Crown Graph S0

n, n ą 3 B
kCn-snakes, k ě 2, n ě 3 B
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Conclusion

Cartesian Product Winner

Cn dK1, n ě 3 B
Pq ˝ Kp, p, q ě 2 B
Pr ˝ Ps; r, s ě 2 B
Bq,r, q ě 2, r ě 1 B

Alice wins Bob wins

C3,K1 C3 dK1

K3, P2 K3 ˝ P2

P2, P3 P2 ˝ P3

Sr, P2 B2r
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Conclusion

Graph Class Results of RRG Game

Simple graph on n vertices k ě p2∆2 ` 1qpn´ 1q ` p2∆` 1q
`

n´1
2

˘

Trees k ě p2∆2 ` 1qpn´ 1q ` 2∆pn´ 2q
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Thank you for your attention.
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