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Forbidden-vertices



Problem statement

Forbidden-vertices

Given a polytope X C R", asetV C vert(X), and a vector c € R", the
forbidden-vertices problem is to either assert vert(X) r V.= 0, or to return
an element in argmin{c”x|x € vert(X) r v }.
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Problem statement

Forbidden-vertices

Given a polytope X C R", asetV C vert(X), and a vector c € R", the
forbidden-vertices problem is to either assert vert(X) r V.= 0, or to return
an element in argmin{c”x|x € vert(X) r v }.

® To approach this problem we want to describe

forb(X;V) := conv(vert(X) rVv)
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Complexity of forbidden-vertices

Theorem (G. Angulo, S. Ahmed, S. Dey and V. Kaibel, 2015)
Forbidden-vertices is in general A"P-hard except when X C {0;1}" and both X
and V are described explicitly.
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Complexity of forbidden-vertices

Theorem (G. Angulo, S. Ahmed, S. Dey and V. Kaibel, 2015)
Forbidden-vertices is in general A"P-hard except when X C {0;1}" and both X
and V are described explicitly.

Theorem (G. Angulo, S. Ahmed, S. Dey and V. Kaibel, 2015)
If X is a0 — 1 polytope and for V C vert(X)

xc(forb(X;V)) € O(n|V |(xc(X) + 1))
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Extended formulations



Prefixes

Definition
Given asetV C vert(X) of non-valid vertices, we define the set W of prefixes

as the vectors of length i < n such that any completiony € {0;1}" | feasible
for vert(X) satisfies (w;y) € vert(X) \ V.

e X =10;1%,V = {0;0;0}
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Prefixes

Definition
Given asetV C vert(X) of non-valid vertices, we define the set W of prefixes

as the vectors of length i < n such that any completiony € {0;1}" | feasible
for vert(X) satisfies (w;y) € vert(X) \ V.

0 0\1' * X =[0;13,V = {0;0;0}
* {(1); (0:1); (0;0; 1)}
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Prefixes

Definition
GivenasetV C vert(X) of non-valid vertices, we define the set W of prefixes

as the vectors of length i < n such that any completiony < {0;1}" ! feasible

for vert(X) satisfies (w;y) € vert(X) \ V.

e If (V;X"); i ,are the projections of V and X onto the first i
components

wW=X'rvhu IE([(vi Ly {0;1pnX"rvh
i=2
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Classes of 0-1 polytopes

‘ (< k)-Simplex

X ={xe[0;1]"|17x <k}

‘ s — t path polytope

X§ = {x €[0;1]5® |xisas - tpathin G}
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(< k)-Simplex

Let Wi, be the set of prefixes w of length i with 1w = k — b.
Let 7 := {(i; b) | Wiy, # 0}.
min{c”x|x € forb(XY;V)} is equivalent to

8 9
=(_r{)1)i2nT rgw cjwj + min CiXj i_:
i; W2Wip x2X e
= b J=|+1
S| —{z—3 | { }%
=t ib =lib

ib is the objective value of the best prefix with i entries and (k — b) ones.

in is the objective value of the best completion, which is obtained by
optimizing over a (< b)—Simplex in dimension n — i.
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(< k)-Simplex

8 o
= ('T)iQT r‘g\l/\l;] Cjw; + min CiXj i :
i; W ib . x2Xn v,
Sl b J:|+]_
=l ——13 | {z }%
= ib = ib

1 1 0
1 0 1 ‘ A3k-2) =rI1jI1{C1+C2,C1+C3, C2+C3}
0 1 1
* * * . 3
: » Bak—z = minj cTx ‘ x € X§5
* * * 7118




(< k)-Simplex - LP formulation

The problem is equivalent to max{ |(1)}

< bt b V@b eT) (Tin)
X ibh .. . . _
j=1
ib < (i+1)b (V1<i<n-1,0<b<k) ()
ib < Cli+1) ¥ (i+1)® 1) W1<i<n-1;1<b<k) (i)
nb =0 (VO<b<Kk) ()
io=0 ~Vi<i<n) (M)
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(< k)-Simplex - Dual LP formulation

2
P P . P
The dual is to minimize  ¢; 2 ijh ibh ¥ 2 j) G m%
j=1 . (_i\;\tl))z_T1 o 1 b k
IWiplil J3 1
subject to
x .
Zib — ibh =0 ~V(@;0) € T) (2a)
1 h jWipj
Zip=1 (2b)
(i:0)2T
Fin(?; 5 5 ;3" =0 (V1<i<n 0<b<k) (2¢)
o, >0 (2d)
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(< k)-Simplex

® By strong duality (2) is equivalent to min{c”x | x € forb(X;V)}.

Theorem (G. Angulo, E.S.)
Constraints (2a)-(2d) coupled with

> . X ]
Xj = Wi ibh 2 ) G pp (V1< <n)

(i;0)2T 1 b k
1 h jWjpisl j i

define an extended formulation for forb(X; V) of size O(n? + n|V |)

e This bound is better than the previously known O(n?|V | + n|V |).
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s — t path polytope

® Let G = (N;A) be a DAG where every node and arc is in some s — t path,

sorted in lexicographical order.
® et Wj, be the set of prefixes w of length i that describe an s — v path.
o Let7 :={(i;v) | Wi, # 0}.
® min{c™x|x € forb(X§;V)} is equivalent to

8 9

: ok ox B

= min _ min Cjwj + min CiXj i -
(i;v)2T ngwi\, - X2Xy:t il g
{2} |—X2 =

= iv =l iv
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s — t path polytope - LP formulation

The problem is equivalent to max{ |(3)}

( ivh) (3b)

Civ)

(3c)

( ivw) (3d)

( iv)

(3e)

< vt v V@V eT) (i) (39)

X vh )

iv < GwyY (V@Ev) T h <)
j=1

iv < (i+1)v (Vlgigm—l;s§v<t)

iv < Ci+1) *  (i+w Wi<i<m-1,s<v<twe +(V))

iv=20 Vi=m;s<v<t)

iv=0 Vi<i<m;v=t)

("iv)

(37)
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s — t path polytope - Dual LP formulation

2
P P . P
The dual is to minimize = ¢; 4 wi' h @ G Dw
=1 @i:v)2T v<t
hij i w2 *(v)
subject to
X -
Tiv — ivh =0 (vV(i;v) €7)
Ly
iv=1
(iv)2T
Fiv(”; 5 55 ,;"M=0 Vi<i<m;s<v<t)
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s — t path polytope

e By strong duality (4) is equivalent to min{c™x|x € forb(X&;V)}.

Theorem (G. Angulo, E.S.)
Constraints (4a)-(4d) coupled with
ivh =%
Xj = Wi vt o2 ) G Hvw
(i;v)2T v<t
h;j i w2 *F(v)

define an extended formulation for forb(X§; V) of size O(|A||N| + |A[?)

e This bound is better than the previously known O(JA||N| + |A2|N ).
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Numerical results



Describing the experiment

® |nstances for Prize collecting TSP (PCTSP) in which the objective is to
find an optimal cycle of length at least k in a complete directed graph
with n nodes, with a depot node in which the cycle must start, with costs
for using an edge and costs for not using a node

min{c™x +dy | (x;y) € P N ({0;1}"™ D » vert(X? )}

@s
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Describing the experiment

® We compare three formulations:

min{c™x +dTy|(x;y) € P N[{0; 1}"("~1) x forb(X"_,;V)]} with the
extended formulation previously described.

min{c"x+dTy|(x;y) € P N[{0; 1}"(" B x (vert (X g) N N(V))]} where
N (V) is described by the constraints Q-y,)+ y; > 1 for every
1:v;=1 2:0;,=0

v € V. These are the no-good-cut constraints.

min{c"x+dTy|(x;y) € P N[{0; 1}"(»=Y x (forb([0; 1]*; V) N X" _,)]} with
the extended formulation described in G. Angulo et al.

@s
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